A method for approximate solution of spectral problems for Sturm-Liouville equations based on the construction of the Delsarte transmutation operators is presented. In fact the problem of numerical approximation of solutions and eigenvalues is reduced to approximation of a primitive of the potential by a finite linear combination of generalized wave polynomials introduced in [25] , [34] . The method allows one to compute both lower and higher eigendata with an extreme accuracy.
Introduction
Solution of Sturm-Liouville equations and of a wide range of related direct and inverse spectral problems is at the core of modern mathematical physics and its numerous applications. Since the work of J. Fourier on the theory of the heat and his method of separation of variables the properties and methods for solving different kinds of Sturm-Liouville spectral problems were studied in thousands of publications. One of the important mathematical tools for approaching problems related to SturmLiouville equations was introduced in 1938 by J. Delsarte [15] and called [16] the transmutation operator. It relates two linear differential operators and allows one to transform a more complicated equation into a simpler one. Nowadays the transmutation operator is widely used in the theory of linear differential equations (see, e.g., [3] , [8] , [21] , [38] , [41] , [49] , [55] ). Very often in literature the transmutation operators are called the transformation operators. It is well known that under certain regularity conditions the transmutation operator transmuting the operator A = −
dx 2 is a Volterra integral operator with good properties. Its integral kernel can be obtained as a solution of a certain Goursat problem for the Klein-Gordon equation with a variable coefficient. In spite of their attractive properties and importance there exist very few examples of the transmutation kernels available in a closed form (see [31] ).
In the recent work [34] it was observed that the kernel of the transmutation operator relating the Schrödinger operator A with B is a complex component of a bicomplex-valued pseudoanalytic function of a hyperbolic variable [29] , a solution of a hyperbolic Vekua equation of a special form. The other component of that pseudoanalytic function is the transmutation kernel corresponding to a Darboux associated Schrödinger operator [31] . This observation combined with some new results concerning such hyperbolic pseudoanalytic functions allowed us to obtain [34] a new and extremely convenient representation for the transmutation kernel in terms of so-called generalized wave polynomials [25] .
In the present work we develop this result into a practical method for solving a wide spectrum of initial value, boundary value and spectral problems for the one-dimensional Schrödinger equation Au = λu. The mentioned above convenience of the representation of the kernel consists in the fact that with respect to the variable of integration the kernel results to be a polynomial. Since to obtain solutions of the Schrödinger equation the transmutation operator is applied to the functions sin √ λt and cos √ λt, solutions of the simplest such equation Bv = λv, all the involved integrals are calculated explicitly. The coefficients of the polynomial are functions of another independent variable x. Due to the developed theory they can be found as a result of approximation of the pair of functions g 1 (x) = q(s)ds in terms of a specially constructed family of functions. Here h is a constant defined below. The family of functions is the family of traces of the generalized wave polynomials on the lines x = t and x = −t in the plane (x, t).
Thus, the method developed and presented in this paper for solving spectral problems for the Schrödinger operator consists in the following steps.
1. Construction of a particular solution for the equation Au = 0.
2. Construction of certain recursive integrals which serve for calculating the family of traces of the generalized wave polynomials.
3. Approximation of the pair of functions g 1 and g 2 by a linear combination of the traces.
4. Computation of the solution of the Schrödinger equation or of a characteristic function of the spectral problem in a domain of interest as a function of the spectral parameter λ.
Localization of the eigenvalues as zeros of the characteristic function.
Several advantages of the method should be emphasized.
• The error of the computed eigendata does not increase for higher eigenvalues. One can compute, e.g., the 1000th eigenvalue and eigenfunction with roughly the same accuracy as the first ones.
• A quite simple a-priori control of the accuracy of the computed eigendata is available. As we show, the accuracy of the computed eigendata is entirely linked to the accuracy of approximation of the functions g 1 and g 2 on step 3. This error of approximation is easily calculated. If it is inadmissible, more approximating functions should be taken.
• The method works equally well in the case of complex-valued coefficients and spectral parameter dependent boundary conditions.
• The method allows one to obtain highly accurate eigendata. For example, for a standard test problem (the Paine problem [45] ) we present eigendata corresponding to λ 1 , . . . , λ 10000 computed with the accuracy of the order 10 −105 . For the Coffey-Evans problem well known for being extremely difficult for numerical computation due to neatly clustered eigenvalues the achieved accuracy is of the order 10 −65 . Note that even for λ = 0 the solution of the CoffeyEvans equation delivered by the built-in Mathematica's function NDSolve was computed at best with an absolute error greater than 61.
The main results presented in this paper are aimed to give a rigorous justification of the developed method. We prove that the central object of the transmutation kernel representation, the set of traces of the generalized wave polynomials is complete in the required functional spaces and therefore the set can be used for approximating the functions g 1 and g 2 . We obtain corresponding estimates for the accuracy of approximation of the transmutation kernel. Further estimates concerning the accuracy of the resulting approximation of solutions of the Schrödinger equation and the independence of the accuracy of largeness of λ are proved as well. We show that the same approximation coefficients obtained on step 3 can be used to obtain a related approximation for the transmutation kernel for the Darboux associated Schrödinger operator. This is important for considering problems involving derivatives in boundary conditions.
The numerical experiments were performed in Mathematica with multiple-precision arithmetic. The main reason for not restricting our computations to the machine precision consists in a fuller exploration of the method, its capabilities and features. For example, the results of involved computations obtained with a high precision allow us to study more completely the link between the accuracy of the approximation (step 3) and of the resulting computed eigendata. This study reveals that the absolute error of the approximation essentially coincides with the final error in the eigendata and decays exponentially with respect to the number N of traces used, which for practical purposes means that an accurate approximation of the functions g 1 and g 2 by the system of traces of generalized polynomials guarantees the computation of arbitrarily high eigendata with the same accuracy. However the complete description of the class of potentials for which the approximation and eigendata errors decay exponentially and rigorous proofs of the observed relation between approximation errors and eigendata errors remain for the future research.
Due to the difficulties with construction of the kernels of transmutation operators there were very few attempts for their practical use in numerical solution of spectral problems. In this relation we mention the paper [5] where certain analytic approximation formulas for the transmutation kernels were obtained. To our knowledge the present paper is a first publication offering an efficient and highly accurate (and to our opinion clearly promising) numerical algorithm based on the transmutation operators for solving spectral problems for the Schrödinger operator. One of the direct applications requiring a large number of eigendata computed with a considerable and non-decreasing accuracy arises from the Fourier method of separation of variables. According to the method the solution admits an analytic expression in the form of a series which in practice is known to be slowly convergent. The method presented here allows one to calculate partial sums of such series containing large numbers of terms in a fast and accurate manner.
In the next Section 2 we recall some definitions and properties concerning the transmutation operators. In Section 3 we introduce the system of generalized wave polynomials. In Section 4 we prove the completeness of their traces in appropriate functional spaces. In Section 5 we construct the approximate kernels of the transmutation operators and obtain corresponding estimates for their accuracy. In Section 6 we obtain the main result of the paper, the formulas for approximate solutions of the Schrödinger equation Au = λu as well as for their derivatives and prove corresponding estimates for their accuracy. Section 7 is dedicated to the description of the algorithm and its numerical implementation, the proof of the uniform error bounds for the approximate zeros of characteristic functions of Sturm-Liouville spectral problems as well as to the presentation of numerical results.
Transmutation operators
We give a definition of a transmutation operator from [32] which is a modification of the definition proposed by Levitan [38] , adapted to the purposes of the present work. Let E be a linear topological space and E 1 its linear subspace (not necessarily closed). Let A and B be linear operators: E 1 → E. Definition 2.1. A linear invertible operator T defined on the whole E such that E 1 is invariant under the action of T is called a transmutation operator for the pair of operators A and B if it fulfills the following two conditions.
1. Both the operator T and its inverse T −1 are continuous in E;
2. The following operator equality is valid
or which is the same A = T BT −1 .
Our main interest concerns the situation when
, and q is a continuous complex-valued function. Hence for our purposes it will be sufficient to consider the functional space E = C[a, b] with the topology of uniform convergence and its subspace E 1 consisting of functions from C 2 [a, b]. One of the possibilities to introduce a transmutation operator on E was considered by Lions [39] and later on in other references (see, e.g., [41] ), and consists in constructing a Volterra integral operator corresponding to a midpoint of the segment of interest. As we begin with this transmutation operator it is convenient to consider a symmetric segment [−b, b] and hence the functional space
It is worth mentioning that other well known ways to construct the transmutation operators (see, e.g., [38] , [55] ) imply imposing initial conditions on the functions and consequently lead to transmutation operators satisfying (2.1) only on subclasses of E 1 . We introduce such transmutation operators below.
Thus, consider the space E = C[−b, b]. In [7] and [31] a parametrized family of transmutation operators for the defined above A and B was studied. Operators of this family can be realized in the form of the Volterra integral operator
where K(x, t; h) = H x+t 2 ,
x−t 2 ; h , h is a complex parameter, |t| ≤ |x| ≤ b and H is the unique solution of the Goursat problem
3)
If the potential q is continuously differentiable, the kernel K itself is a solution of the Goursat problem
If the potential q is n times continuously differentiable, the kernel K(x, t; h) is n+1 times continuously differentiable with respect to both independent variables.
Remark 2.2. In the case h = 0 the operator T h coincides with the transmutation operator studied in [41, Chap. 1, Sect. 2]. In [38] , [39] , [55] it was established that in the case q ∈ C 1 [−b, b] the Volterra-type integral operator (2.2) is a transmutation in the sense of Definition 2.1 on the space C 2 [−b, b] if and only if the integral kernel K(x, t) satisfies the Goursat problem (2.5), (2.6).
The following proposition shows that to be able to construct transmutation operators T h or their integral kernels K h for arbitrary values of the parameter h it is sufficient to know the transmutation operator T h1 or its integral kernel K h1 for some particular parameter h 1 .
Proposition 2.3 ([7]
, [32] ). The operators T h1 and T h2 are related by the equality
The corresponding integral kernels K(x, t; h 1 ) and K(x, t; h 2 ) are related as follows
The following theorem states that the operators T h are indeed transmutations in the sense of Definition 2.1.
. Then the operator T h defined by (2.2) satisfies the equality
Remark 2.5. T h maps a solution v of the equation v + ω 2 v = 0, where ω is a complex number, into a solution u of the equation
with the following correspondence of the initial values
Following [41] we introduce the notations
where h is a complex number, and K s (x, t; ∞) = K(x, t; h) − K(x, −t; h).
Theorem 2.6 ([41]
). Solutions c(ω, x; h) and s(ω, x; ∞) of equation (2.7) satisfying the initial conditions
can be represented in the form
and s(ω, x; ∞) = sin ωx ω + Theorem 3.1. Let q be a continuous complex valued function of an independent real variable x ∈ [a, b] and λ be an arbitrary complex number. Suppose there exists a solution f of the equation
on (a, b) has the form y = c 1 y 1 + c 2 y 2 where c 1 and c 2 are arbitrary complex constants,
and both series converge uniformly on [a, b] together with the series of the first derivatives which have the form
The series of the second derivatives converge uniformly on any segment
Representations (3.7) and (3.8), also known as the SPPS method (Spectral Parameter Power Series), present an efficient and highly competitive technique for solving a variety of spectral and scattering problems related to Sturm-Liouville equations. The first work implementing Theorem 3.1 for numerical solution was [30] and later on the SPPS method was used in a number of publications (see [9] , [17] , [23] , [24] , [26] , [32] and references therein).
Remark 3.2. It is easy to see that by definition the solutions y 1 and y 2 from (3.7) satisfy the following initial conditions
It is worth mentioning that in the regular case the existence and construction of the required f presents no difficulty. Indeed, let q be real valued and continuous on [a, b] . Then (3.5) possesses two linearly independent real-valued solutions f 1 and f 2 whose zeros alternate. Thus, one may choose f = f 1 + if 2 . Moreover, for the construction of f 1 and f 2 in fact the same SPPS method may be used [30] . In the case of complex-valued coefficients the existence of a non-vanishing solution was shown in [30, Remark 5] .
In what follows we choose x 0 = 0.
, [31] ). Let q be a continuous complex valued function of an independent real variable x ∈ [−b, b] for which there exists a particular solution f of (3.
and normalized as f (0) = 1. Denote h := f (0) ∈ C. Suppose T h is the operator defined by (2.2) and ϕ k , k ∈ N 0 are functions defined by (3.3). Then
Remark 3.5. The mapping property (3.9) of the transmutation operator allows one to see that the SPPS representations (3.7) from Theorem 3.1 are nothing but the images of Taylor expansions of the functions cosh √ λx and
λx under the action of T h . Moreover, equality (3.9) is behind a new method for solving Sturm-Liouville problems proposed in [33] and based on the use of Tchebyshev polynomials for approximating trigonometric functions, combined with (3.9) .
In what follows we assume that
Any such function is associated with an operator T h . For convenience, from now on we will write T f instead of T h and the integral kernel of T f will be denoted by K f . The kernel K c (x, t; h) will be denoted by C f (x, t) and the kernel K s (x, t; ∞) by S f (x, t).
Notice that
The following functions introduced in [25] 
are called generalized wave polynomials (the wave polynomials are introduced below, in Example 3.6). The following parity relations hold for the generalized wave polynomials.
For the values of the generalized wave polynomials on the characteristics x = t and x = −t we introduce the additional notations
14) Example 3.6. In a special case when f ≡ 1 we obtain that ϕ k (x) = x k , k ∈ N 0 and u k (x, t) = p k (x, t) where p k are wave polynomials [25, Proposition 1] defined by the equalities
Here j is a hyperbolic imaginary unit (see, e.g., [36] , [42] , [50] and [29] ): j 2 = 1 and j = ±1, R and I are the real and the imaginary parts respectively of a corresponding hyperbolic number. The wave polynomials may also be written as follows
We see that in this special case c m (
4 Goursat-to-Goursat transmutation operators and completeness of the systems {c n } and {s n } By S we denote a closed square with a diagonal joining the endpoints (b, b) and (−b, −b). Let := ∂ 2 x − ∂ 2 t and the functions u and u be solutions of the equations u = 0 and ( − q(x)) u = 0 in S, respectively such that u = T f u. Following [34] we consider the operator T G mapping the Goursat data corresponding to u into the Goursat data corresponding to u,
The operator T G is well defined on the linear space V of vector functions
, equipped with the maximum norm. G are bounded on V and the action of the operator T G is defined by the following relation
.
In particular,
for n ∈ N and T G :
Using the properties of the operator T G the following proposition was obtained in [34] .
Proposition 4.2 ([34]
). Let u be a regular solution of the equation
in S such that its Goursat data admit the following series expansions
a n c n (x),
and the series converges uniformly in S.
It is not difficult to prove the linear independence as well as the completeness of the families of functions {c n } ∞ n=0 and {s n } ∞ n=1 in appropriate functional spaces. For this together with the operator T G it is convenient to consider the following its modification,
where
Notice that U 2 = 1 0 0 1 and hence U = U −1 .
Let us consider the operator G on the space
consisting of functions vanishing in the origin. The operator G transforms the half-sum and the half-difference of Goursat data for solutions of the wave equation into their counterpart for solutions of (4.1),
It is bounded together with its inverse. Note that from Proposition 4.1 we have
and
where G + and G − have the form
with the kernels given by the equalities
The operators G + and G − can also be written in the form
2) Both operators G + and G − preserve the value of the function in the origin and G + :
There exist the inverse operators G −1
, respectively, and the inverse operator for G admits the representation
Proof. 1) Let us observe that (4.7) is obtained from (4.6) by a simple change of variables. From Proposition 4.1 we obtain
and observe that if c is a complex constant then
we have that
where we used (3.9). Hence G +
2 . The proof of 2) follows directly from (4.7).
3) The existence of the inverse operators G −1
− follows from (4.6), the fact that the kernels K ± are bounded measurable functions and a well known result on the invertibility of Volterra operators with such kernels (see [27, Ch. 9 , Subsect. 4.5]). The representation (4.8) can be verified directly using 2) and (4.9).
Remark 4.4. Observe that G (and hence G −1 ) results to be a diagonal operator,
δ and G 2 = G − where I is the identity operator and δ is the functional acting as follows δ [η(x)] = η(0).
From (4.3), (4.4) and (4.5) we have 
Approximate construction of integral kernels
Theorem 5.1. Let the complex numbers a 0 , . . . , a N and b 1 , . . . , b N be such that
for every
is approximated by the function
in such a way that for every (x, t) ∈ S the inequality holds
) and hence the theorem establishes that if the half-sum and the halfdifference of the Goursat data corresponding to K f (x, t) are approximated by linear combinations of the functions c n and s n respectively, the function (5.3) approximates uniformly the kernel K f (x, t). Indeed, consider the functions
Then by the definition of the Goursat-to-Goursat transmutation operator
hence due to the boundedness of the operator T
where we have used the equalities
. We obtain from the proof of [25, Theorem 3] that for every (
Remark 5.2. It is not difficult to make the estimate (5.4) more explicit. For example, let the function H(u, v) be a solution of the Goursat problem for equation (2.3) with the conditions H(u, 0) = ε 1 (u) and
b n s n (v) are the differences between the exact and the approximate transmutation kernels on the characteristics. Then similarly to [56, Subsect. 15 .1] one can see that the Goursat problem is equivalent to the integral equation
Applying the successive approximations technique one obtains for H the following estimate max |H(u, v)| ≤ mI 0 (2κ |uv|), where I 0 is the modified Bessel function of the first kind, κ = max |q| and m = max
Remark 5.3. Let us notice that the approximation of the transmutation kernel K f (x, t) in the form (5.3) implies the following approximations of the kernels
This is a direct corollary of Theorem 5.1, formulas (3.10), (3.11) and (3.13) . Notice that to obtain the coefficients a n and b n in (5.5) and (5.6) the approximation of g 1 and g 2 can be performed on [0, b] only and hence for q ∈ C[0, b].
The approximation of the functions g 1 and g 2 by the corresponding combinations of the functions c n and s n can be done in several ways. For example, the least squares method can be used to obtain a reasonably good approximation. Even though its not clear how to verify whether the systems of functions c n and s n are Tchebyshev systems, in the case when all the involved functions are real valued the Remez algorithm can be used, see [25, Section 6] and references therein. Another alternative is to reformulate the approximation problem as a linear programming problem and solve it.
Approximate solution
Let us explain the special convenience of the approximations of the transmutation kernels in terms of the generalized wave polynomials. Consider, for example, the kernel S f (x, t) which by (2.11) transforms the function sin ωx ω into a solution of (2.7) satisfying the initial conditions (2.9) (see Theorem 2.6). Now instead of the exact kernel S f (x, t) let us substitute into (2.11) its approximation S N (x, t).
We obtain an approximate solution
By the definition of the generalized wave polynomials we have
The integrals here are, of course, easily calculated explicitly. For example, the following formula can be used [18, 2.633 ] 2) or alternatively the integrals can be calculated recursively. Analogously, the approximation of the solution c(ω, x; h) is calculated as follows
where the integrals can be calculated exactly using the formula [18, 2.633]
Thus, the problem of approximate solution of equation (2.7) can be reduced to the problem of approximation of the functions g 1 , g 2 in terms of the functions c n and s n respectively.
Remark 6.1. For a real ω we have that the accuracy of the approximate solution does not deteriorate when ω increases. Indeed, considering, e.g., |c(ω,
A similar observation is true also for complex values of the parameter ω. Indeed, for an arbitrary complex valued potential q ∈ C[0, b] and arbitrary nondegenerate boundary conditions the asymptotic formulas for the square roots of eigenvalues (see [41, Chapter 1, Sect.5]) tell us that all the square roots of eigenvalues are located in a strip on a complex plane parallel to the real axis. For example, in the case of the problem for (2.7) with the boundary conditions u(0) = u(π) = 0 one has that
Analogous asymptotic formulas are available for all other nondegenerate boundary conditions. Thus, solution of a nondegenerate Sturm-Liouville problem implies consideration of solutions c(ω, x; h) and s(ω, x; ∞) for ω with Im ω belonging to a finite interval. The following statement establishes that similarly to the case Im ω = 0, when |Im ω| ≤ Const the accuracy of approximation does not depend on ω.
Proposition 6.2. Let the parameter ω belong to the strip |Im ω| ≤ C where C is a positive number.
Since the function sinh(ξx)/ξ is monotonically increasing with respect to both variables when ξ, x ≥ 0, we obtain the required inequality (6.5).
A similar statement is true for the solution s(ω, x; ∞).
Proposition 6.3. Let the parameter ω belong to the strip |Im ω| ≤ C where C is a positive number and |ω| > 1.
where the constant c b depends only on b. For any ω = 0 the following estimate holds
Proof. Let |Im ω| ≤ C and |ω| > 1. Then
Now following the reasoning from the proof of the preceding proposition we obtain (6.6).
Considering the case |ω| ≤ 1 we observe that the function sin (ωt) /ω is analytic with respect to ω and hence max |ω|≤1 |sin (ωt) /ω| = max |ω|=1 |sin (ωt) /ω| = max |ω|=1 |sin (ωt)|. Denote this number by c(t). Again, due to the maximum principle we obtain c(t) ≤ c(b) =: c b . Thus, |s(ω,
The estimate (6.7) is proved in a complete analogy with (6.5).
In order to be able to consider problems for equation (3.6) with boundary conditions involving the derivative of the solution we need to obtain a convenient representation for it as well. Let u N be an approximation of a solution u of (3.6), defined by the formula
where u is a linear combination of the functions sin(ωx)/ω and cos(ωx), and K f,N has the form (5.3).
The corresponding exact solution has the form
From (6.8) it is quite easy to obtain a corresponding expression for u N observing that the differentiation of (5.3) where the functions u k (x, t) are defined by (3.12) does not present any difficulty. Nevertheless one still has to prove a convenient estimate for the difference |u − u N | which is an additional task. To make it easier we choose here another way which involves the transmutation operator for the Darboux associated Schrödinger equation which in our notations is the operator T 1/f . In [31] this operator was studied in detail and two explicit formulae for the corresponding integral kernel
were obtained (a third formula was presented in [34] ). Consider the function
which is a result of the Darboux transformation applied to u (more on the Darboux transformation see, e.g., [40] and [48] ). The function v is a solution of the equation
As was shown in [31] , v can be represented in the form
where v is a solution of the equation v = λ v, that is, v is a linear combination of the functions sin(ωx)/ω and cos(ωx) with ω 2 = −λ,
Assuming that u(x) = ac(ω, x; h) + bs(ω, x; ∞) (6.11) or, what is the same u = a cos(ωx) + b sin(ωx)/ω, let us find the coefficients α and β in terms of a and b. From (6.9) we have
meanwhile from (6.10) we obtain
The last relation can obviously be written as follows
In [31] the following useful operator equality was obtained
Applying it to (6.13) we obtain
Comparison of this result with (6.12) gives us the relations α = b and β = −ω 2 a. Hence
Notice that v(0) = b and v (0) = −aω 2 − bh. This follows from the properties of the operator T 1/f (Remark 2.5) and observation that the value of (1/f ) in the origin is −h. From (6.14) we obtain a convenient representation for the derivative of the solution (6.11),
An approximation K 1/f,N of the kernel K 1/f of the operator T 1/f can be done repeating the general scheme of Theorem 5.1 for the Darboux associated potential q D and the particular solution 1/f . However it is possible to omit the solution of another approximation problem, an approximation K 1/f,N can be taken in the form
(a n v 2n + b n v 2n−1 ) (6.16) with b 0 = −K 1/f (0, 0) = h/2 and the coefficients a n , b n , n = 1, . . . , N from (5.3). Here v k are introduced as follows
The fact that a representation for K 1/f,N is a linear combination of the terms v k follows from Theorem 5.1 where instead of q and f one should consider q D and 1/f respectively. Then the corresponding generalized wave polynomials u k result to be precisely v k . In (6.16) we state additionally that taking in the representation the coefficients from (5.3) we obtain an approximation of the kernel K 1/f . In order to obtain this result one needs to consider the kernels K f,N and K 1/f,N as scalar components of a single bicomplex function and take into account that the generalized wave polynomials (see [25] ) u k and v k are nothing but scalar components of hyperbolic pseudoanalytic formal powers (for the corresponding details we refer to [34] ). Thus, the expression (6.16) is in fact a metaharmonic conjugate of (5.3). We formulate here the result stating that if K f − K f,N < ε then necessarily there is an appropriate estimate for
is defined by (6.16) and · is the maximum norm. We give its proof in the Appendix A.
is defined by (6.16) and the constant C depends only on f and b.
The estimates for the kernels K f and K 1/f imply corresponding estimates for the kernels S f , C f and S 1/f , C 1/f . Theorem 6.4 together with the equality (6.15) suggests to approximate the derivatives of the solutions c (ω, x; h) and s (ω, x; ∞) by the functions
respectively. Notice that c 1/f,N (ω, x) is an approximation of c 1/f (ω, x; −h). N (ω, x) .
Let us emphasize that
Approximation of the transmutation kernels corresponding to f and 1/f imply approximations for the solutions c(ω, x; h), s(ω, x; ∞), c 1/f (ω, x; −h) and s 1/f (ω, x; ∞). From the corresponding estimates it is easy to obtain estimates for the approximations of c (ω, x; h) and s (ω, x; ∞) by 
7 Numerical results
General scheme and implementation details
Consider a Sturm-Liouville equation Based on the results of the previous sections we can formulate the following algorithm for solving initial value and spectral problems (7.2) and (7.3)-(7.4) for equation (7.1).
Find a non-vanishing on
Let f be normalized as f (0) = 1 and define h := f (0).
2.
Compute the functions ϕ k and ψ k , k = 0, . . . , N using (3.3) and (3.4).
3. Compute the functions c k and s k , k = 0, . . . , N using (3.14) and (3.15). a 0 , a 1 , . . . , a N and b 1 , . . . , b N of an approximation of the functions x 0 q(s) ds by a linear combination N n=1 a n c n (x) in order to find coefficients a 1 , . . . , a N . 5. Calculate the approximations s N (ω, x) and c N (ω, x) of the solutions s(ω, x; ∞) and c(ω, x; h) by (6.1) and (6.3). If necessary, calculate the approximations of the derivatives of the solutions using (6.15) and (6.16) . Recall that the expressions T 1/f cos ωt and T 1/f sin ωt ω can be computed similarly to (6.3) and (6.1) using the coefficientsã n := −b n andb n := −a n and the functions ψ n instead of the functions ϕ n , c.f., (5.3) and (6.16).
Find coefficients
6. According to (2.8) and (2.9) the approximation of the solution of the initial problem (7.2) has the form
The eigenvalues of the problem (7.3)-(7.4) coincide with the squares of the zeros of the entire function
and are approximated by squares of zeros of the function
Note that despite the division by ω in (6.2) and (6.4) the singularity at zero of the function Φ N (ω) is removable and Φ N (ω) can be considered as an entire function.
7. The eigenfunction y λ corresponding to the eigenvalue λ = ω 2 can be taken in the form
Hence once the eigenvalues are calculated the computation of the corresponding eigenfunctions can be done using formulas (6.1) and (6.3).
The results of the previous section allow us to prove the uniform error bound for all approximate zeros of the characteristic function (at least when the coefficients in the boundary conditions (7.3) and (7.4) are independent of the spectral parameter) obtained by the proposed algorithm and that neither spurious zeros appear nor zeros missed whenever inequalities (5.1) and (5.2) are satisfied with sufficiently small ε 1 and ε 2 . For not going into too much detail in the present paper we consider only the case of Dirichlet boundary conditions, i.e., when the characteristic equation reduces to s(ω, b; ∞) = 0. We also refer the reader to [22] where similar questions are discussed.
Proposition 7.1. Suppose that the boundary conditions (7.3) and (7.4) are the Dirichlet boundary conditions, i.e., α 0 = α b ≡ 1, β 0 = β b ≡ 0. Then for every ε > 0 there exist such ε 1,2 > 0 that if inequalities (5.1) and (5.2) are satisfied for some N with these ε 1 and ε 2 respectively then all the zeros (including multiplicities) of the characteristic function of the problem (7.1), (7.3), (7.4) are approximated by the (complex) zeros of the function Φ N (ω) with errors uniformly bounded by ε and no spurious zeros appear. Remark 7.2. Even in the case when the problem (7.1), (7.3), (7.4) possesses a purely real spectrum we need to consider complex zeros of the function Φ N (ω) for Proposition 7.1 to hold. For zeros of multiplicity greater than one the proposition establishes that in an ε-neighbourhood of such zero there is a corresponding number of zeros of the approximate characteristic function Φ N .
Proof. For the Dirichlet boundary conditions the characteristic function has the form Φ(ω) = s(ω, b; ∞).
Consider the function Φ(ω) := ωΦ(ω). It is known that Φ(ω) is an entire function (see, e.g., [41, §1.3]), has a countable set of zeros, all of finite multiplicity. Denote this set of zeros by Ω. Let 0 < ε < 1 2b is given. Define a number ε = min ε, inf ω1,ω2∈Ω, ω1 =ω2
Since Ω has no finite accumulation point, ε > 0. Note that disks of radiuses ε and centers in different zeros of the function Φ do not have common interior points. Now we show that m := inf Φ(z) : z ∈ C, |z − ω| = ε, ω ∈ Ω > 0. (7.8) Recall that
and that the zeros (excluding 0) of Φ(ω) after reordering satisfy the following asymptotics [41, Lemma
Hence for large values of n the circles {ω : |ω − ω n | = ε, ω n ∈ Ω} belong to the rings R n := {ω : S f (b, t) sin ωt dt → 0. Hence we obtain from (7.9), (7.10) and (7.11) that, e.g., | Φ(ω)| ≥ m1 2 when |ω − ω n | = ε for all sufficiently large |n|. For all remaining values of n the function Φ(ω) does not vanish on the circles |ω − ω n | = ε, which finishes the proof of the positivity of the constant m in (7.8).
Due to the asymptotics (7.10) all zeros ω n belong to a strip | Im ω| ≤ M . Let ε 1 be such that
and for some N the inequalities (5.1) and (5.2) are satisfied with this ε 1 . Consider the approximate solution s N . Then it follows from (6.7) that on all circles |ω − ω n | = ε, ω n ∈ Ω we have
Hence by the Rouche theorem the functions Φ(ω) and ωΦ N (ω) have the same number of zeros in the disks |ω − ω n | < ε, ω n ∈ Ω. The statement that no spurious zeros appear follows from the results of [41, §1.3] where it is shown that the functions s(ω, b; ∞) and sin ωb possess the same number of zeros in {ω : | Re ω| < 2n + 1/2} for sufficiently large n, and it can be seen that this statement holds for the function s N as well.
3. An analogues statement can be proved for all other boundary conditions of the form (7.3), (7.4), at least whenever they are spectral parameter independent. The scheme of the proof remains the same and should involve corresponding asymptotic relations similar to (7.10) which can also be found in [41, §1.3] .
Some remarks should be made regarding the implementation of the described algorithm. The non-vanishing solution of equation (3.5) can be constructed using the SPPS representation, see, e.g., [30] for details. In the case when an exact particular solution is known we compared the obtained approximated solution against the exact one.
The accuracy and speed of the calculation of the recursive integrals play a crucial role for the accuracy and speed of the proposed algorithm. Previously we applied two different approaches for the integration. One is based on a modification of the 6 point Newton-Cottes formula [10] , second uses spline approximation and integration of the obtained splines [23] . For the first method we can easily use several millions subdivision points, meanwhile the computation time required to construct the approximating splines limits the maximal number of subdivision points for the second methods to tens of thousands. Computation based on the first approach can be highlighted as an especially recommendable option. In all numerical tests reported recently (see, e.g., [10] ) it delivered fast and accurate results. However for the present work for all but one example we opted for another approach. The main reason is that both methods possess the saturation property, i.e., their accuracy depends polynomially on the used step size and are not suited well enough for really high-precision calculation. For example, for the 6 point Newton-Cottes formula the final accuracy is of the order O(h 7 ), where h is the step size.
Further choice between available methods is limited by the requirement that the integrals should be calculated recursively, which leads to the following simple condition. Either the integration method should take the values of the function g defined in some predefined abscissas x 0 < x 1 < . . . < x M and return the values of the indefinite integral in the same set of abscissas, or the integration method should determine the set of abscissas x 0 < x 1 < . . . < x M analyzing the given function, and after that provide the value of the indefinite integral in an arbitrary point of interest using only the values g(x 0 ), . . . , g(x M ).
From several known methods of evaluation of indefinite integrals with high accuracy and suitable for computing the recursive integrals, e.g., Clenshaw-Curtis, Sinc and double exponential methods [13, Section 2.13.1], [19] , [43] , [51] , [52] , [53] , [57] , we chose the Clenshaw-Curtis quadrature scheme based on the approximation of the integrand by a partial sum of its expansion into a series in terms of Tchebyshev polynomials and termwise integration of the approximation. The method is described in detail in [13, Section 2.13.1] and has the advantage that restricting all calculation to the Tchebyshev nodes b 2 1 + cos kπ M , k = 0, . . . , M it reduces to the discrete cosine transform (DCT), a simple transformation of the obtained coefficients and the inverse DCT, and hence has a near-linear complexity with respect to the number M +1 of used abscissas. Another advantage is that the method works for an arbitrary differentiable function, analyticity is not required. It should be mentioned that the smallest computation time is achieved when M = 2 m and that in some cases to obtain a good accuracy of the calculated recursive integrals we used extra digits for intermediate calculations, see the following examples for the details. Another possibility is to split the interval of integration into several subintervals.
To find the coefficients a 1 , . . . , a n and b 1 , . . . , b n of the approximations from Theorem 5.1 we applied the least squares method. There exist other methods providing more accurate uniform approximations, however as a rule they are slower, and in our implementation of the described algorithm in Mathematica software even the build-in function LeastSquares required a computation time comparable to the time of the calculation of all recursive integrals.
For the calculation of the integrals (6.2) and (6.4) we used the recurrent formulas [1, 4.3 .119 and 4.3.123].
We do not discuss in detail the step of finding the eigenvalues. The main purpose of the numerical examples is to illustrate that the final approximation of a characteristic equation contains all the information required to evaluate accurate approximations of the eigenvalues. The problem reduces to the search of zeros of some analytic function with the only possible pole at ω = 0. The derivative of this function is easily obtainable and in the most complicated cases, say clusters of closely located eigenvalues as, e.g., in the Coffey-Evans problem (Example 7.6), well-known theorems of complex analysis like the argument principle are useful, see, e.g., [58] , [14] . It is possible that the calculation of the closest to zero eigenvalues by the proposed method may present difficulties due to the pole of Φ N at ω = 0. One possible solution is to perform a spectral shift, that is, to consider equation (7.1) in the form −y + (q(x) + λ * )y = (λ + λ * )y, where |λ * | is sufficiently separated from zero. Another solution is to use the SPPS representation [30] . The approximation of the characteristic equation given by the SPPS representation works especially well near the origin, and all required functions are calculated on the step 3 of the described algorithm.
By the described algorithm the functions ϕ n are calculated only in M + 1 points coinciding with the Tchebyshev nodes allowing us to compute the eigenfunctions u λ directly by formulas (7.7), (6.1) and (6.3) only in these M + 1 points. If for some applications such subset of points is insufficient, the functions ϕ n can be easily interpolated to arbitrary subset of the segment [0, b] . One of the best ways to perform the interpolation is by using the partial sums of approximations of the functions ϕ n by their expansions into series in terms of Tchebyshev polynomials. The expansion coefficients can be obtained using the DCT, and final interpolations are obtained by summing up corresponding partial sums. Since all the functions ϕ n are computed applying similar approximation procedure, described interpolation does not deteriorate significantly the accuracy. We illustrate such approach in Example 7.4 where we show that even large index highly oscillating eigenfunctions can be accurately approximated.
Sturm-Liouville spectral problems
Example 7.4. Consider the following spectral problem (the first Paine problem, [44] )
With the help of Mathematica software we found a non-vanishing particular solution u 0 (x) = I 0 2e
x/2 (7.12) and the characteristic function
where ω 2 = λ and I is the modified Bessel function of the first kind. In this example we performed calculations in Matlab in machine precision and in Mathematica using high precision arithmetic. For the Matlab program we used N = 30 for the approximations (5.1) and (5.2) and computed all involved recursive integrals using Newton-Cottes integration formula with M = 20000. This experiment is similar to [34, Example 9] , however the runtime improved due to the different integration method used. The approximation errors achieved in (5.1) and (5.2) were 5.5·10 −11 and 9.3·10 −11 respectively. 500 eigenvalues were calculated and the maximal absolute error of the approximated eigenvalues was 1.95 · 10 −9 . The overall time required for the calculation was 5 seconds for the approximation part (Steps 1-5 of the algorithm from Subsection 7.1) and 6.5 seconds was required to finish Step 6, such time was necessary because we constructed a spline approximating the characteristic function and used Matlab function fnzeros to find its zeros. A personal computer equipped with Intel i7-3770 processor was used for this and following computations.
For the second experiment we performed all the numerical calculations with 200-digit arithmetic in Mathematica. We used M = 256 for the calculation of all involved recursive integrals. The particular solution was computed using the SPPS representation with 150 formal powers and compared with the solution (7.12) to verify the precision of the approximate solution. The maximal difference between the approximate and the exact solutions was 3.7 · 10 −187 showing an excellent accuracy achievable by the combination of the SPPS representation and the Clenshaw-Curtis integration procedure. Using the obtained particular solution we calculated the functions c n and s n for n ≤ 150. After that for each N = 8, 10, . . . , 150 we found coefficients a 0 , . . . , a N , b 1 , . . . , b N for (5.1) and (5.2), calculated first 500 eigenvalues as zeros of the approximate characteristic function and compared them to the exact ones. The function FindRoot from Mathematica was used to find both exact and approximate eigenvalues. On Figure 1 we present both the obtained approximation errors in the inequalities (5.1) and (5.2) and the maximal resulted relative error of the first 500 eigenvalues. We would like to point out that the error decays exponentially with respect to the number N of functions used and that the resulted error of the eigenvalues is bounded by the error of the approximations on the characteristics.
Note that on the final step from N = 148 to N = 150 the approximation error increases, which can be explained by the fact that we passed a limit where the used precision and the number of points work well. Hence we used the value N = 148 to verify the accuracy of the first 500 eigenvalues and 500 corresponding eigenfunctions. We calculated the eigenfunctions u λ satisfying the initial condition Example 7.5. Consider the following spectral problem (the second Paine problem, [44, 45] )
With the help of Mathematica software we found a non-vanishing particular solution
and the characteristic function
where ω 2 = λ, M and W are the Whittaker functions [1] . We calculated an approximate particular solution in Mathematica using the SPPS representation with 300 formal powers and performed integrations with M = 1024 and 200-digits arithmetic. The larger number of points compared to Example 7.4 was necessary for an accurate evaluation of the recursive integrals and possibly can be explained by the fact that the accuracy of the Clenshaw-Curtis integration depends on the decay rate of coefficients of the function expansion into a series in terms of Tchebyshev polynomials, which in turn is related to the size of an ellipse on a complex plane with foci at the points z 1 = −1 and z 2 = 1 to which the potential q possesses the analytic continuation, see, e.g., [47] , [54] . The maximum error of the approximate solution compared with the exact one (7.13) was less than 4 · 10 −164 . Using the obtained particular solution we calculated the functions c n and s n for n ≤ 320. For the calculation we used 400-digit arithmetic. Such precision appeared to be a necessity for the build-in Mathematica function LeastSquares to be able to produce approximation coefficients for (5.1) and , so we applied the following procedure. First we calculate roots of the polynomial obtained as a truncation of the SPPS representation of the characteristic equation, see, e.g., [30] . These roots are known to give an excellent accuracy especially for the eigenvalues close to the origin. Then we find zeros of Φ N . To combine the two obtained sets we find the two closest values in these two sets and take the smaller ones from the roots of the SPPS polynomial and the larger ones from the zeros of Φ N . Such strategy worked well for all values of N . On Figure 3 we present both the obtained approximation errors in the inequalities (5.1) and (5.2) and the maximal resulted absolute and relative errors of the first 500 eigenvalues as functions of N . We would like to point out that the error decay exponentially with respect to the number N of functions used and that the slopes of the graphs are close. Note that the slope of the approximation error graph changes around N = 270, and the absolute and relative errors decrease slower starting from this value of N . Again we can explain such behavior by the fact that we are close to the limit where the used precision and the number of points still work. Hence we used the value N = 280 to present the graph of the errors of the first 500 eigenvalues.
The approximation errors in (5.1) and (5.2) were 2.5 · 10 −43 and 2.3 · 10 −43 respectively, while the largest error of the computed eigenvalues was 2.3 · 10 −42 for the eigenvalue number 237. On Figure  4 we show the absolute errors of the first 500 eigenvalues. Again we see that the absolute errors of the eigenvalues remain at the same level. Moreover, the accuracy of the computed eigenvalues does not deteriorate for even larger eigenvalues. For example, absolute errors of λ 1000 , λ 2500 and λ 10000 are 1.4 · 10 −42 , 1.1 · 10 −42 and 2.2 · 10 −43 respectively. While high precision arithmetic is necessary in this example to produce accurate eigenvalues, it is possible to use smaller parameters N and M and lower precision arithmetic if one looks for the eigenvalues accurate to 13-15 digits (i.e., with the precision expected from double-precision machine arithmetics), leading to faster runtime, comparable with other codes available. For example, we used M = 256, N = 120 and 128-digit arithmetic and the algorithm finished Steps 1-5 in 33 seconds and in 103 seconds found 500 eigenvalues with the largest absolute error of 2 · 10 −13 .
Example 7.6. Consider the Coffey-Evans problem [12] 
This problem is considered as a standard test case for numerical methods for solving Sturm-Liouville spectral problems, see, e.g., [45] , [46] , [2] , [30] , [37] , and presents the challenge of distinguishing eigenvalues within the triple clusters which form as the parameter β increases. The equation in (7.14) is a particular case of the Whittaker-Hill equation and its particular solution with the initial conditions u(− π 2 ) = 1, u (− π 2 ) = 0 is known [20] and is given by u 0 (x) = e β cos 2x . (7.15)
To our best knowledge the most accurate eigenvalues of (7.14) are reported in [2] , where the table of the first 18 eigenvalues for the case β = 50 correct to 24 decimal places is included. It is worth mentioning that the method used in [2] is suitable only for a special subclass of Sturm-Liouville equations. For the numerical example we also chose β = 50. An approximation of the particular solution (7.15) was calculated using the SPPS representation with 1200 formal powers. We used 800-digit arithmetic and M = 2048 for the calculation of the formal powers. The resulted error of the approximate solution compared with (7.15) was less than 2.7·10 −643 . We would like to point out such remarkable accuracy. The built-in Mathematica's function NDSolve was not able to achieve any acceptable precision calculating the approximate solution. As it can be seen from (7.15) the solution u 0 is symmetric and satisfies u 0 ( π 2 ) = 1, meanwhile the best result we were able to obtain using NDSolve function was u 0 ( π 2 ) ≈ 62. To apply the described algorithm we transformed the problem (7.14) to the interval [0, 1]. We found that the Clenshaw-Curtis integration requires a lot of extra precision to evaluate the iterative integrals. The following simple test was used. It follows from the definition of the transmutation operator (2.2) and Theorem 3.4 that
Hence, any weird behavior of the quantity
x k when k increases indicates serious errors in the calculated formal powers. On Figure 5 we present the graphs of ϕ k (1) evaluated with different values of M and different precision. We tried formulas (3.1), (3.2) as well as recently discovered formulas from [35] for the calculation of the formal powers. As one can see from the presented graphs, for the same value of the parameter M and the same arithmetic precision the formulas from [35] allow one to roughly double the number of calculated formal powers. Moreover, a further increase of the number of calculated formal powers can be achieved by increasing the arithmetic precision.
For the first experiment we calculated the functions c n and s n for n ≤ 256 using M = 8192 and 2500-digit arithmetic for the intermediate calculations, final values of the functions were stored at 1025 points with 400 digit precision. Our results were compared with those from [2] . We calculated the error of the eigenvalues separately for the isolated eigenvalues and for each of the first four clusters. The obtained errors are presented on Figure 6 . Note that the errors of the isolated eigenvalues decrease much faster than the errors of approximation in (5.1) and (5.2), meanwhile the slope of graph of the error for the clustered eigenvalues is an agreement with the slope of the error of approximation. Note functions ϕ N are calculated using formulas from [35] .
that the lower points of the error graphs correspond to the limit of precision of the values presented in [2] . For the second experiment we calculated the functions ϕ n , c n and s n for n ≤ 400 using M = 16384 and 4000-digit arithmetic for the intermediate calculations. It is known [35] that for the first eigenvalues the SPPS method achieves an especially remarkable accuracy. Hence we computed the eigenvalues of the first cluster using the SPPS representation with all functions ϕ n , n ≤ 400 and used the obtained values to verify the accuracy of the proposed algorithm. We observed an exponential decay of approximation errors in (5.1) and (5.2) as well as of the error of the computed eigenvalues with respect to N . The slopes of both lines are nearly equal, see Figure 7 . For N = 380 the errors of approximation were 2.12 · 10 −63 and 2.16 · 10 −63 . In Table 1 we present the obtained eigenvalues. We are sure that they are exact for all 65 decimal places, evaluation with higher N confirmed the presented digits. The eigenvalue with the index 0 is taken from the roots of the SPPS polynomial. On Figure 8 we illustrate that our method allows one to obtain eigenfunctions as well.
Complex potential and spectral parameter dependent boundary conditions
Example 7.7. First we consider a problem with a complex potential for which the eigenvalues are known explicitly:
A similar problem was treated in [4] , [11] . We pose the Neumann boundary conditions to illustrate the performance of the proposed method in the case when one has to use approximations of both transmutation operators T f and T 1/f and there is no zero coefficient in the expression (6.15). The eigenvalues of the problem (7.16) are given by λ n = n 2 + 3 + 4i, n = 0, 1, 2 . . .. As a particular solution we took f (x) = e (2+i)x , then h = f (0) = 2 + i, and the solution of the equation in (7.16) satisfying the left boundary condition can be taken in the form u(x, ω) := c(ω, x; h) − hs(ω, x; ∞), see (2.8) and (2.9). Equation u (π, ω) = 0 gives us the characteristic equation of the problem (7.16) .
For the numerical experiment we computed the functions c n and s n for n ≤ 100 using M = 256 and 200-digit arithmetic for the calculation of the iterative integrals. After that we found the coefficients a 0 , a 1 , . . . , a N and b 1 , . . . , b N for (5.1) and (5.2) and approximated the integral kernel K 1/f by (6.16). On Figure 9 we present the absolute error of the first 500 eigenvalues obtained by the proposed algorithm with different values of N . Note that the absolute errors remain at the same level and are in an excellent agreement with the approximation errors. Example 7.8. Consider the following problem with a complex potential and a spectral parameter dependent boundary condition [11] −u + e 2ix u = µ 2 u, 0 ≤ x ≤ 1,
For this example the characteristic equation is given by the equality where J is the Bessel function of the first kind. As a particular solution we took f (x) = (1) and hence h := f (0) = − iY1 (1) Y0 (1) , where Y is the Bessel function of the second kind.
We checked that the proposed algorithm was able to produce accurate results even using small values of the parameters N and M . We used N = 20, M = 96 and 24-digit arithmetic. The approximation errors in (5.1) and (5.2) were less than 2 · 10 −18 . The computation time was 1.6 seconds for the approximation part (Steps 1-5 of the algorithm from Subsection 7.1) and 15 seconds was required to finish Step 6. In Table 2 we present the exact eigenvalues of the problem (7.17) together with the absolute errors obtained by our method and those reported in [11] .
Quantum wells
In this subsection we use notations and recall some results from [9] .
Consider the eigenvalue problem for the one dimensional Schrödinger operator
x > α 1 and α 2 are complex constants and q is a continuous function on the segment [0, ]. The spectral problem consists in finding values of the spectral parameter λ ∈ C for which equation (7.18) possesses a nontrivial solution u belonging to the Sobolev space H 2 (R). In the selfadjoint case, i.e., when Q is a real-valued function, the operator H has a continuous spectrum [min{α 1 , α 2 }, +∞) and a discrete spectrum located on the set It was shown in [9] that finding the eigenvalues of the operator H is equivalent to the SturmLiouville spectral problem for equation (7.18) where µ = + √ α 1 − λ, ν = √ α 2 − λ and the eigenvalues are sought on the interval (7.19). We consider a particular case α 1 = α 2 = 0. Let f be a particular solution of (7.18) Table 3 .
Example 7.10. Consider the sech-squared potential defined by the expression Q(x) = −m(m + 1) sech 2 x, x ∈ (−∞, ∞), m ∈ N. An attractive feature of the potential Q is that its eigenvalues can be calculated explicitly. The eigenvalue λ n is given by the formula λ n = −(m − n) 2 , n = 0, 1, . . . , m − 1. The potential Q is not of a finite support, nevertheless its absolute value decreases rapidly when x → ±∞. We approximate the original problem by a problem with a finitely supported potential Q defined by the equality Q(x) = −m(m + 1) sech 2 x, |x| ≤ a 0, elsewhere, where a is chosen in such way that Q(a) is sufficiently small. For the numerical experiment we took a = 10. Again in this example the recently discovered formulas from [35] produced much more accurate results than formulas (3.1) and (3.2) . Using N = 70, M = 2096 and 128-digit arithmetic for the case m = 3 we obtained the results presented in Table 4 .
A Proof of Theorem 6.4
The proof is based on several results from [34] , so we preserve notations from [34] . Consider the bicomplex function W := K f − jK 1/f . Here j is the hyperbolic imaginary unit: j 2 = 1. Using (5.3) and (6.16) we observe that W N := K f,N − jK 1/f,N = N n=0 Z (n) (α n , 0; z) where α n := a n + jb n and Z (n) are hyperbolic pseudoanalytic formal powers admitting the representation [34] Z (0) (α 0 , 0; z) = a 0 u 0 (x, t) + jb 0 v 0 (x, t) = h 2 f (x) + j f (x) , Z (n) (α n , 0; z) = a n u 2n−1 (x, t) + b n u 2n (x, t) + j a n v 2n (x, t) + b n v 2n−1 (x, t) , n ≥ 1. . For an estimate of the uniform norm T −1 f we refer to [25] . It depends on f and b only.
Let us consider the functions Φ(x) := 2ϕ(x), Ψ(x) = 2ψ(x) − h, Φ N (x) := 2ϕ N (x), Ψ N (x) = 2ψ N (x) − h. We have that W := K f − j K 1/f and W N := K f,N − j K 1/f,N are the unique solutions of the following corresponding Goursat problem [34] ∂z W = 0, W (x, x) = P + Φ (x) + P − Ψ (0) and W (x, −x) = P + Φ (0) + P − Ψ (x) and ∂z W N = 0,
where the idempotents P + and P − are defined by P ± = Table 4 : Approximations of λ n of the potential −12 sech 2 x (Example 7.10).
projection operators projecting a bicomplex valued function onto the respective scalar components, R = Finally, since |Iw| ≤ |w| B (see [6, Proposition 2]), we obtain
which finishes the proof.
